In this article, an adaptive coordinated tracking control problem for a group of nonholonomic chained systems has been discussed under the assumption that the desired trajectory is available only to a part of neighboring agents. Firstly, coordinated tracking controllers under the directed communication topology graph containing a spanning tree are designed for two subsystems, adaptive control gains are employed in the linear subsystem based on the state information of neighboring agents, then the global information of the topology graph is not required to be known in the control laws. Furthermore, the backstepping strategy is applied in the rest of chained-form subsystem such that the state of all robots converge to the desired reference trajectory. And then, the results are further evolved with the case of switching topology. Finally, an application is introduced and the simulation results are given to show the validity of the proposed theoretical results.
Introduction
With the rapid development of distributed computing technology and modern control theory, distributed cooperative control of multi-agent systems has caused researchers' tremendous attentions in the last few years. This research direction includes consensus, formation, rendezvous, containment, and tracking control. 1 These problems have been discussed in pioneering works via different control strategies, such as leader-follower, 2 virtual structure, 3 behaviorbased, 4 and graph theory methods. 5 Obviously, the topic of coordinated tracking has a wide range of applications in engineering and physics, such as tracking control of mobile robots, satellites clustering, unmanned helicopter, and autonomous underwater vehicles. [6] [7] [8] The main objective of coordinated tracking control is to make a group of autonomous vehicles to track a target in a cooperative manner via distributed control protocols such that some challenging tasks can be completed and many inevitable physical constraints including sensor ranging are removed. Hence, this distributed control behavior not only reduces the operational costs but also improves the robustness and adaptivity of the systems. In most of the previous technical notes concerned with decentralized control, the coordinated control problem of multi-agent systems which are usually considered as linear dynamic systems has been studied by many researchers. 9 In the study by Qu et al., 10 by the use of matrix theory, a sufficient and necessary condition is given to guarantee the convergence of the closedloop system. Two different distributed tracking controllers for linear dynamic systems in the study by Li et al. 11 are proposed to guarantee that the states reach an agreement. Ni and Cheng 12 considered leader-following consensus problem of high-order linear systems, the Lyapunov inequality and Riccati inequality are introduced to solve the consensus problem.
In practical applications, the practical physical model cannot be described by the linear model, and the most practical model may be nonlinear model. Moreover, most of the mobile models have to satisfy nonholonomic constraints. The design of control laws for nonholonomic systems is involved, mainly due to Brockett's condition which indicates that continuous pure state feedback law is not applied. Therefore, when agents with nonholonomic constraint are considered, the coordinated tracking control problem becomes more challenging. Some proposed effective control strategies, such as time varying, 13 discontinuous feedback, 14 and hybrid control method, 15 establish the foundation for our further study. The distributed tracking controller is designed in the study by Yang et al. 16 with the aid of the dynamic oscillator strategy. In the study by Dong, 17 the state of each follower converges to the leader by utilizing the adaptive control technique. Some other methods including small gain and dynamic feedback linearization are employed in the study by Liu and Jiang 18 to deal with the formation problem of nonholonomic mobile robots. Cao et al. 19 also considered the consensus problem of high-order chained-form systems, the cascading theory is applied to construct hybrid distributed controllers. In the studies by Peng et al. 20 and Qiu et al., 21 distributed adaptive controller is designed to steer a class of mobile robots to achieve a prespecified geometric pattern and track a reference trajectory. Xu et al. 22 consider the output consensus of nonholonomic system, a time-varying control law is given to demonstrate the stability of the overall closed-loop system. However, for the tracking control problem in the study by Zhang et al. 9 , and Ni and Cheng, 12 the input information of a reference trajectory is either available to all the other neighboring agents or equal to zero, which is impractical and restrictive due to the constraints of large scale of network. All the above studies [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] consider the nonholonomic chained-form system, then the global information of the communication topology graph is required to be known.
Motivated by the previous studies and investigations on coordinated tracking control of multiple mobile robots, the distributed coordinated tracking problem for a group of nonholonomic chained systems is discussed in this article. Compared to the result in the study by Xu et al., 22 the contributions of this work are stated as follows. First, the time-varying control strategy is applied in the cooperative control law instead of strict time-invariant continuous feedback linear system. Second, the controllers are designed on the basis of the neighboring state information of the agent with the coupling adaptive gains. The global information of communication topology is not required to be known in the controllers. Furthermore, it is worth mentioning that the tracking problem is solved under a practical assumption that the information of the reference trajectory is available to a part of neighboring systems rather than all neighboring systems.
Preliminaries and problem statement

Graph theory and notations
In this article, the interconnection topology of multi-agent systems is modeled as a directed graph. The communication topology of the N agents can be described as the weighted graph G ¼ ðV; E; AÞ, where V ¼ fv i ; v 2 ; . . . ; v N g is a finite vertex set which represents each individual agent, and E V Â V is a set of edge with an ordered pair ðv i ; v j Þ which describes the information exchange between nodes i and j. ðj; iÞ 2 E is a directed edge which means the state information of agent j is available to agent i. If the node j can receive the information from the node i, then the set of all neighboring nodes j is defined by
j6 ¼i a ij and l ij ¼ Àa ij , i 6 ¼ j which satisfies that P N j¼1 l ij ¼ 0. A directed path from v i 1 to v i l is a sequence of ordered edges in the form ði k ; i kþ1 Þ, k ¼ 1; . . . ; l À 1 with distinct vertices i k 2 V, k ¼ 1; . . . ; l. A directed graph has a spanning tree if there exists at least one node, which has directed paths to all other nodes, and such node is called a root node.
Throughout this article, the following notations are used. 1 N represents a column vector with all elements equal to one. For a vector x ¼ ðx 1 ; x 2 ; . . . ; x N Þ T 2 R N , let jjxjj 1 denote its 1-norm, where jjxjj 1 ¼ P N i¼1 jx i j. The sign function is denoted by signðxÞ ¼ À1 if the variable x is negative; signðxÞ ¼ 1 if the variable x is positive; and otherwise, signðxÞ ¼ 0. For the matrix L 2 R N ÂN , λ max ðLÞ and λ min ðLÞ denote the maximum and minimum eigenvalue of the matrix L, respectively. Assumption 1. Graph G contains a directed spanning tree, and C ¼ diagðc 1 ; . . . ; c N Þ is the connection matrix, where the vector c ¼ ½c 1 ; . . . ; c N T 2 R N ; c i > 0; i ¼ 1; . . . ; N , and at least one of the elements of c is nonzero (equivalently, at least one of the N systems can connect with system 0).
Problem statement
Many kinematic systems in our life such as nonholonomic wheeled mobile robots can be transformed into chained form by coordinate transformation. 22 In this article, we consider a group of chained-form nonholonomic systems as follows
In chained-form systems, the formation tracking control problem is taken into consideration in this article. Assume that the desired reference trajectory x 0 ¼ ðx 10 ; x 20 ; . . . ;
x n0 Þ T is described by the following chained form
where u 0 ¼ ðu 10 ; u 20 Þ T is the known time-varying reference input.
Assumption 2. The reference inputs u 0 ¼ ðu 10 ; u 20 Þ T are bounded, and the states x 10 ; x n0 ; x p0 are also bounded. Let us define the tracking error aŝ x k ¼ x ki À x k0 ; k ¼ 1; 2; :::; n. It is easy to derive the following differential equations by utilizing equations (1) and (2)
The Coordinated Tracking Control Problem is to design the control laws u 1i and u 2i for each agent i, i ¼ 1; 2; :::; N based on x ki and its neighboring state x kj , k ¼ 1; 2; :::; n; j 2 N i , such that, for an initial coordinated tracking state errorx k ð0Þ ¼ x ki ð0Þ À x k0 ð0Þ, the state of each agent can converge to the desired reference trajectory, that is
If graph G has a directed spanning tree, zero is an eigenvalue of L with associated right eigenvector 1 N , the other nonzero eigenvalues have positive real parts, and the matrix ½L þ C is positive definite. 11
Controller design and convergence analysis
In this section, we will design a coordinated tracking controller under a directed communication topology containing directed spanning tree by two parts. In the first part, we add a new auxiliary variable in the traditional cooperative tracking control protocol instead of linear control strategy. An adaptive control law is also proposed for updating the linear subsystem gain. In the second part, the controller for the rest of system in chained form is constructed by the backstepping design method.
Control law design for the linear subsystem
Consider the linear subsystem in equation (1)
The control law u 1i is designed by adopting the adaptive scheme for updating coupling gain and adding a new auxiliary variable in the traditional cooperative tracking protocol as follows
where u 10 ¼ z 10 , and a ij is the element of the adjacency matrix of G. The parameter c i > 0 if the system 0 is available to system i, 1 i N and c i ¼ 0, otherwise. 1i ðtÞ denotes the time-varying adaptive gain.
Theorem 1. For the system (6) with controller (7) to (9), if assumptions 1 and 2 hold, then we have lim t!1 ðx 1i ðtÞ À x 10 ðtÞÞ ¼ 0 and lim t!1 ðz 1i ðtÞ À z 10 ðtÞÞ ¼ 0, for all i, 1 i N .
Proof. The closed-loop system can be written as in the following form (13) where L1 N ¼ 0 is applied. Choosing the following Lyapunov candidate function
where is a positive constant. It is directly checked that V 1 ! 0. Taking the time derivative of V 1 along the solution of equation (14) as follows
In light of Lemma 1 in the study by Li et al., 11 it yields that the matrix ðL þ CÞ 2 is positive definite. Choosing large enough such that ! supju 10 j, it can obtain that
By noting that W ðxÞ is positive definite, then it follows that _ V 1 0, implying that V 1 ðtÞ is not increasing. Therefore, in view of equation (14), we know that 1i ;ẑ 1Ã are bounded. Since u 10 is bounded, it implies that _ z 1Ã is bounded from equation (12) . As V 1 ðtÞ is nonincreasing, it indicates that V 1 ðþ1Þ exists as t ! þ1. Integrating equation (15) , it has
dt exists and is finite.
Becauseẑ 1Ã and _ z 1Ã are bounded, it is easy to be found that _ W ðẑÞ is also bounded, which accordingly guarantees the uniform continuity of W ðẑÞ. Therefore, by Barbalat's Lemma, it can obtain that W ðẑÞ ! 0 as t ! þ1, it implies thatẑ 1Ã ! 0 as t ! þ1. Equation (13) can be treated as a stable system, hencex 1Ã exponentially converges to zero asẑ 1Ã converges to zero. Consequently, it shows that lim t!1x1 ðtÞ ¼ lim t!1 ðx 1i ðtÞ À x 0 ðtÞÞ ¼ 0 and lim t!1 ðz 1i ðtÞ À z 10 ðtÞÞ ¼ 0.
Control law design for the remainder of chained-form subsystem
Noting that the remainder of chained-form subsystem in equation (1), the control law u 2i is designed by utilizing the backstepping design method. Theorem 2. Consider the rest of chained-form subsystem in equation (1), if assumptions 1 and 2 hold, then the coordinated tracking problem of chained-form subsystems is solved with the following controllers
where p ¼ 5; 6; :::; n, i ¼ 1; 2; :::; N , k 1 > ðn À 2Þλ max ðL þ CÞ, k 2 > 0.
Proof. Firstly, consider the error dynamic chained-form subsystem in equation (3) _
In order to simplify the variables, we will omit partial second variable i of right subscript. Take x 3 as a virtue control input to make this subsystem (20) stable, we have
There exists a function to satisfy V 2 ðxÞ ! 0, then we choose V 2 ¼x 2 =2 as a Lyapunov candidate function to verify the stability of equation (20) . Since u 1i 6 ¼ 0, setting the virtue control in equation (17), we get _ V 2 ðxÞ ¼x 2
x 3 u 1i þx 2 x 30 ðu 1i À u 10 Þ ¼ Àk 1x 2 2 ¼ À2k 1 V 2 < 0 (22) which ensures the exponential stability of the subsystem (20) . Obviously, as V 2 decays with 2k 1 ,x 2 decays with k 1 . The attenuation index of u 1i is λ max ðL þ CÞ, where λ max ðL þ CÞ is the maximum eigenvalue of matrix ðL þ CÞ. Based on equation (17), we require thatx 2 converges faster than u 1i , hence choosing the parameter k 1 > λ max ðL þ CÞ, which guarantees the boundedness of x 3 . Secondly, we introduce the error variablex 3 ¼x 3 À x 3 and extend equation (21) , applying this error variable
Similarly, regard x 4 as a virtue control input
Using Lyapunov candidate function V 3 ¼ V 2 þx 2 3 =2 and setting the virtue control in equation (18), then take the time derivative, we have
In this step, x 4 is a function of _ x 3 =u 1i , that also is the function ofx 2 =u 2 1i , based on equation (18) . Using the same description method as before, we choose the parameter k 1 > 2λ max ðL þ CÞ that guarantees the boundedness of x 4 . For all further steps, similarly introduce an error variablex nÀ1 ¼x nÀ1 À x nÀ1 , and we have
Regard x n as a virtue control input
Using Lyapunov candidate function V nÀ1 ¼ V nÀ2 þ x 2 nÀ1 =2, then the time derivative of V nÀ1 is given as follows
Using a similar method as before, choosing the parameter k 1 > ðn À 2Þλ max ðL þ CÞ that assure the convergence and boundedness of the virtue control x n . Finally, in the last step, introduce an error variablẽ x n ¼x n À x n , and we have
Choosing the Lyapunov candidate function V n ¼ V nÀ1 þ x 2 n =2 and using equation (16), we have
:::; n, then we have
Since L þ C is positive definite matrix. Hence, we get _ V n 0. As V n is nonincreasing and bounded from below by zero, it indicates that lim t!1 V n exists andx p is bounded, hence
exists and is finite. And by the recursive formula from equations (17) to (19) , it can be obtained that _ x 2 ; _ x p ; p ¼ 3; 4; :::; n; are bounded. The derivative of _ V n is
T n ðL þ CÞ _ x n which is bounded, it implies that _ V n is uniformly continuous. Therefore, with the aid of Barbalat's Lemma, it can be obtained that _ V n ! 0, p ¼ 3; 4; :::; n À 1 as t ! 1. Moreover x 2 ! 0,x p ! 0, p ¼ 3; 4; :::; n À 1, andx n ¼ 0, that is, x p ! 0, p ¼ 2; 3; :::; n À 1, andx n ¼ 0. Therefore, we can get lim t!1 ðx pi À x p0 Þ ¼ 0, p ¼ 2; 3; :::; n; i ¼ 1; 2; :::; N . Remark 1. Compared to the static controller in the study by Li et al., 11 the proposed adaptive control law (7) to (9) does not need to calculate the minimal eigenvalue of L, then the global information of the topology graph is not required to be known. On the other hand, the coupling gains need to be dynamically updated in equations (7) to (9) , implying that the adaptive control law (7) to (9) is more complex than the static controller.
Coordinated tracking for switching communication graph
In the preceding sections, the fix communication graph is considered, If the communication graph GðtÞ is switching at time t, the previous theorem also holds and is extended in the following results.
Theorem 3. For the system (6) ð1 i N Þ with controller (7) to (9) , if the switching communication topology GðtÞ contains a directed spanning tree at each instant t, assumption 1 holds, then we have lim t!1x1 ðtÞ ¼ lim t!1 ðx 1i ðtÞ À x 10 ðtÞÞ ¼ 0 and lim t!1 ðz 1i ðtÞÀ z 10 ðtÞÞ ¼ 0, for all i, 1 i N .
Proof. In any time instant t, we have the following closedloop systems
Choosing Lyapunov candidate function
And taking the time derivative of V 1t along the solution of equation (31) with the aid of the equations (7) to (9) . One gets
where > 0, and λ min;t ðL þ CÞ is the smallest eigenvalue of symmetric matrix ðL þ CÞ t at each time instant t. Because the symmetric matrix ðL þ CÞ 2 t is positive definite, λ min;t ðL þ CÞ is greater than zero for the each time interval t. Therefore, by Barbalat's Lemma, similar to the proof of theorem 1, it proves that _ V 1t 0 and z 1i asymptotically converge to z 10 for 1 i N . Furthermore, on the basis of equation (32), it is easy to get that x 1i asymptotically converges to x 10 for 1 i N . GðtÞ contains a directed spanning tree at each instant t and at least one of the N systems can connect with system 0, assumption 1 holds, and the system is driven by the controller (16) and virtue control law (17) to (19) , where the control parameter a ij > 0, k 2 > 0, and k 1 > ðn À 2Þλ max ðL þ CÞ. Then, the coordinated tracking among chained-form subsystems is achieved, that is Proof. Similar process of proof in Theorem 2, the variables x pi ;x pi ; p ¼ 3; 4; :::; n; i ¼ 1; 2; :::; N are estimated recursively by backstepping design method, the condition that the parameter k 1 > ðn À 2Þλ max;t ðL þ CÞ is satisfied to ensure the virtue control bounded, where λ max;t ðL þ CÞ is the maximum eigenvalue of Laplacian matrix L þ C at each time instant t. Hence, in the last step, since L þ C is positive definite at each time instant, we get _ V n 0. Therefore, by Barbalat's Lemma, it is easy to obtain that x p ! 0; p ¼ 2; 3; :::; n À 1 andx n ¼ 0. Finally, we conclude that lim t!1 ðx pi À x p0 Þ ¼ 0; p ¼ 2; 3; :::; n; i ¼ 1; 2; :::; N .
Remark 2. In control laws (7) and (16), a ij and c i are control parameters. The parameter of the control law affects the convergence velocity of the system. Therefore, the convergence rate of ðx Ãi À x Ã0 Þ relies on the switching communication topology graph at different time intervals.
Applications
Tracking control of wheeled mobile robots has extensive application in cooperative transportation and target tracking. In this section, an application example is showed in formation control with a desired trajectory by converting the wheeled mobile robots into nonholonomic chained form and integrating with the proposed control laws.
Consider a group of N wheeled mobile robots to track a presupposed target in a plane. The kinematic model of each mobile indexed by i 2 N is given as follows
where ðx fi ; y fi Þ is the position of robot i in an inertial coordinate system. θ i is the orientation of robot i and v i ; o i denote the linear velocity and angular velocity, respectively. The trajectory of tracked target ðx l0 ; y l0 ; θ 0 Þ is described as
The position of desired formation is given by constant vectors ðp xi ; p yi Þ in local coordinate frame. Without loss of generality, if the origin of the local coordinate frame is the center of trajectory of desired formation, then we conclude that P N i¼1 p xi ¼ 0 and P N i¼1 p yi ¼ 0.
Control goals: Design coordinated tracking controllers for each robot, on the basis of neighboring state information and tracked trajectory information, such that the multi-robot system can obtain desired formation and track the desired trajectory. Therefore, coordinated tracking control goals can be rewritten as follows
½ðy fj À y fi Þ À ðp yj À p yi Þ ¼ 0;
For completing the above control goal, in this subsection, it is necessary to construct a new coordinate transformation as follows
In the same way, letting
The systems in equations (35) and (36) can transform into equations (1) and (2) with n ¼ 3 through the coordinate transformation in equations (39) and (40). The following corollary can be easily derived through simple derivative and calculation to the above results, which the process of the proof is omitted here. Corollary 1. By the changes of variables, the systems in equations (35) and (36) are converted to the nonholonomic chained system in equations (1) and (2) with n ¼ 3, under theorems 1 and 2, the coordinated tracking can be achieved, that is lim t!1 ðx pi ðtÞ À x p0 ðtÞÞ ¼ 0; p ¼ 1; 2; 3; i ¼ 1; 2; :::; N . Moreover, robots obtain desired formation and track the desired trajectory, that is, equations (37) and (38) are also reached.
Numerical illustrations
To verify the effectiveness of proposed theoretical results, we give the corresponding value to carry on the simple simulation. Consider the example described in the above section. There exist five robots, and their desired trajectory coordinates are given by ðp x1 ; p y1 Þ ¼ ðÀ6:5; 7:5Þ, ðp x2 ; p y2 Þ ¼ ðÀ9:0; À4:0Þ, ðp x3 ; p y3 Þ ¼ ð1 :0 ; À10Þ, ðp x4 ; p y4 Þ ¼ ð9:5; À2Þ, and ðp x5 ; p y5 Þ ¼ ð5:0; 8:5Þ. By If the communication topology graph is different in each time interval, the control laws are valid in theorem 3. Assume that the switching communication topology graph shown in Figures 1 and 5 satisfies the following rules G ¼ G 1 ift À roundðtÞ ! 0 G 2 ift À roundðtÞ < 0 Figure 6 shows the formation trajectory of five robots with a tracked reference path for switching topology graph case. In the case of topology graph switching, Figures 7  and 8 show that the tracking error of angular velocity and three original states still converge to zero, which verifies the effectiveness of the proposed coordinated tacking control algorithm.
Conclusions
In this article, the distributed adaptive coordinated tracking control problem for a group of nonholonomic chained systems has been discussed under the condition that the communication topology graph has a spanning tree. At least one of the agents can receive the state information of the desired reference trajectory whose control input is bounded. The design of control laws is divided by two parts. The control law of the linear subsystem is proposed with the aid of adaptive control method, and the control protocol of the remaining subsystem in chained form is addressed on the basis of the backstepping techniques. The state of each agent exponentially converges to the reference trajectory by the virtue of Lyapunov techniques, Barbalat's Lemma and graph theory. Finally, the coordinated tracking controllers design is also investigated under the switching topology. Simulation results show the validity of the proposed controllers.
